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Abstract
A recent result by H. Meyer shows that, for a field F of characteristic p > 0 and a finite group G with
an abelian Sylow p-subgroup, the F -subspace Zp′FG of the group algebra FG spanned by all p-regular
class sums in G is multiplicatively closed, i.e. a subalgebra of the center ZFG of FG. Here we generalize
this result to blocks. More precisely, we show that, for a block A of a group algebra FG with an abelian
defect group, the F -subspace Zp′A := A∩ Zp′FG is multiplicatively closed, i.e. a subalgebra of the center
ZA of A. We also show that this subalgebra is invariant under perfect isometries and hence under derived
equivalences.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction
In a recent paper [8], H. Meyer proved that, for a field F of characteristic p > 0 and a finite
group G with an abelian Sylow p-subgroup P , the F -subspace Zp′FG of the group algebra
FG spanned by all p-regular class sums in G is multiplicatively closed, i.e. a subalgebra of the
center ZFG of FG. His result was motivated by an earlier paper by J. Murray [9] who showed
that Zp′FG is multiplicatively closed for G a symmetric or alternating group. And Murray’s
* Corresponding author.
E-mail address: kuelshammer@uni-jena.de (B. Külshammer).0021-8693/$ – see front matter © 2007 Elsevier Inc. All rights reserved.
doi:10.1016/j.jalgebra.2007.03.043
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finite groups G such that Zp′FG is not multiplicatively closed.
In this paper, we will consider the F -subspace Zp′A := A ∩ Zp′FG of the center ZA of A,
for a block A of a group algebra FG. As is well known, the dimension of Zp′A coincides with
the number of simple A-modules. Our main result will be a generalization of Meyer’s theorem
to blocks. In Section 2 we show that, for a block A with an abelian defect group D (in a finite
group with an arbitrary Sylow p-subgroup P ), the F -subspace Zp′A is multiplicatively closed,
i.e. a subalgebra of ZA.
This generalization is not quite straightforward since Meyer’s proof uses a transfer argument
which is not directly applicable to blocks. Our way around this problem is to use results by
Watanabe [10], Fan [3] and Külshammer–Okuyama–Watanabe [7] instead.
Our main result has applications to perfect isometries, as defined by M. Broué [1]. In Sec-
tion 3 we show that, for blocks A and B with abelian defect groups in finite groups G and H ,
respectively, the isomorphism of F -algebras ZB → ZA induced by a perfect isometry between
A and B maps Zp′B onto Zp′A. In particular, this applies to all situations where Broué’s abelian
defect group conjecture is known to hold. Hence the F -algebra Zp′A provides a new invariant
of perfect isometries and hence of derived equivalences, at least for blocks with abelian defect
groups.
2. Abelian defect groups
In the following, we fix a prime number p and a p-modular system (K,O,F ), that is, O is a
complete discrete valuation ring with field of fractions K of characteristic 0 and residue field F
of characteristic p. The O-algebras we consider will always be free of finite rank as O-modules.
It will be important, at a key step for our main result, to work overO, and not just over F , though
the following first two results hold not only for O. We start with a somewhat technical result on
abstract algebras whose relevance will become clear later.
2.1. Proposition. Let A be an O-algebra, and let L be a split local unitary subalgebra of the
center ZA of A. Moreover, let e be an idempotent in A such that AeA = A, and suppose that C
is a unitary subalgebra of eAe such that the multiplication map
μC :L ⊗O C → eAe, z ⊗ c → zc,
is an isomorphism of O-algebras. Then there exists a unitary subalgebra B of A such that C =
eBe and such that the multiplication map
μB :L ⊗O B → A, z ⊗ b → zb,
is an isomorphism of O-algebras.
Proof. We write e =∑lr=1∑mrs=1 frs with pairwise orthogonal primitive idempotents frs in C
where frs and fr ′s′ are conjugate in C if and only if r = r ′. Since L is local and since μC is
an isomorphism, every frs is also primitive in eAe and thus in A. Moreover, frs and fr ′s′ are
conjugate in A if and only if they are conjugate in eAe if and only if they are conjugate in C.
Next, note that every primitive idempotent of A is conjugate to one in eAe since AeA = A;
so we combine our decomposition of e with a similar decomposition of 1 − e in order to obtain
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where frs and fr ′s′ are conjugate in A if and only if r = r ′, and nr  mr for r = 1, . . . , l. We
conclude that
A =
l⊕
r,r ′=1
nr⊕
s=1
nr′⊕
s′=1
frsAfr ′s′ ,
and
eAe =
l⊕
r,r ′=1
mr⊕
s=1
mr′⊕
s′=1
frsAfr ′s′, C =
l⊕
r,r ′=1
mr⊕
s=1
mr′⊕
s′=1
frsCfr ′s′ .
For r = 1, . . . , l and s = 1, . . . , nr , we can choose elements xrs ∈ frsAfr1 and yrs ∈ fr1Afrs
such that frs = xrsyrs and fr1 = yrsxrs ; here we may and will assume that xrs ∈ frsCfr1 and
yrs ∈ fr1Cfrs whenever s mr . Then
frsAfr ′s′ = xrsyrsAxr ′s′yr ′s′ ⊆ xrsAyr ′s′ ⊆ frsAfr ′s′ ,
and
xrsAyr ′s′ = xrsfr1Afr ′1yr ′s′ ⊆ xrs(eAe)yr ′s′ ⊆ xrsAyr ′s′ ;
therefore, frsAfr ′s′ = xrsAyr ′s′ = xrs(eAe)yr ′s′ for r, r ′ = 1, . . . , l, s = 1, . . . , nr and s′ =
1, . . . , nr ′ . And similarly, frsCfr ′s′ = xrsCyr ′s′ whenever s  mr and s′  mr ′ . This implies
that, for r, r ′ = 1, . . . , l, s = 1, . . . , nr , s′ = 1, . . . , nr ′ , the maps
xrsAyr ′s′ → xr1Ayr ′1, a → yrsaxr ′s′ ,
and
xr1Ayr ′1 → xrsAyr ′s′ , a → xrsayr ′s′ ,
are mutually inverse isomorphisms of L-modules, which induce O-module isomorphisms
xrsCyr ′s′ ∼= xr1Cyr ′1.
We claim that
B :=
l⊕
r,r ′=1
nr⊕
s=1
nr′⊕
s′=1
xrsCyr ′s′
is a unitary subalgebra of A satisfying the conclusion of the proposition. In fact, we have
1 =
l∑
r=1
nr∑
s=1
frs =
l∑
r=1
nr∑
s=1
xrsfr1yrs ∈
l∑
r=1
nr∑
s=1
xrsCyrs ⊆ B.
Moreover, we see that xrsCyr ′s′ · xr ′′s′′Cyr ′′′s′′′ = 0 unless r ′ = r ′′ and s′ = s′′, and that
xrsCyr ′s′ · xr ′s′Cyr ′′s′′ = xrsCfr ′1Cyr ′′s′′ ⊆ xrsCyr ′′s′′ ⊆ B
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C = eCe ⊆ eBe. On the other hand, we have exrsCyr ′s′e = 0 whenever s > mr or s′ > mr ′ , and
exrsCyr ′s′e = xrsCyr ′s′ whenever s mr and s′ mr ′ . This shows that eBe ⊆ C, and we have
proved that eBe = C. At last, since the multiplication map μB is certainly a homomorphism of
O-algebras, it is enough to show that the following restriction of μB is an O-isomorphism
μB |L⊗O(xrsCyr′s′ ) :L ⊗O (xrsCyr ′s′) → xrs(eAe)yr ′s′ , z ⊗ xrscyr ′s′ → xrszcyr ′s′ .
The hypothesis that the multiplication map μC is surjective implies that the above map is surjec-
tive; and it is injective because the following isomorphism implies that the O-ranks of both sides
are equal:
L ⊗O (xrsCyr ′s′) ∼= L ⊗O (xr1Cyr ′1)
μC∼= xr1(eAe)yr ′1 = fr1Afr ′1 ∼= frsAfr ′s′ . 
We can use Proposition 2.1 in order to prove the following structure theorem for certain blocks
with abelian defect groups.
2.2. Theorem. Let G be a finite group, and let A be a block of the group algebra OG with
maximal A-subpair (D,bD). Suppose that D is abelian and that Q := CD(NG(D,bD)) ⊆ Z(G).
Then there exists a unitary subalgebra B of A such that the multiplication map
μ :OQ ⊗O B → A, x ⊗ y → xy,
is an isomorphism of O-algebras.
Proof. We fix an idempotent i in A such that iAi is a source algebra of A. Results of Fan [3]
(which is proved without restrictions on the size of O) and Külshammer–Okuyama–Watanabe
[7] imply that there exists a unitary subalgebra C of iAi such that the multiplication map
OQ ⊗O C → iAi, x ⊗ y → xy,
is an isomorphism of O-algebras. Since AiA = A, the result follows from Proposition 2.1. 
In fact, the theorem above (for sufficiently large O) was already contained in a preliminary
version of [7]; however, it was not incorporated into the final version. We also note that the O-
algebra B above is clearly isomorphic to the image A˜ of A in O[G/Q], which is a block with
defect group D/Q when O is large enough.
In the following, we fix a finite group G and a block A = OGe of the group algebra OG,
with block idempotent e and defect group D. We denote by Gp′ the set of p-regular elements
in G, and by OGp′ the O-sublattice of OG spanned by Gp′ . In general, neither OGp′ nor
Zp′OG := ZOG ∩OGp′ are multiplicatively closed (not even when the Sylow p-subgroups of
G are abelian), as easy examples show. Note that the p-regular class sums form an O-basis of
Zp′OG. We set
Zp′A := A ∩ Zp′OG = (Zp′OG)e;
the last equality follows from a result of Iizuka (cf. [6]).
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Proof. Let C be a p-regular conjugacy class of G, with class sum C+ :=∑c∈C c in OG. We
need to show that C+e ∈ ZB . Since the multiplication map μ :OQ⊗OB → A is an isomorphism
of O-algebras, we have decompositions
A =
⊕
u∈Q
uB and ZA = μ(Z(OQ ⊗O B))= μ(OQ ⊗O ZB) =⊕
u∈Q
uZB.
First we assume that the group algebra O〈c〉 for c ∈ C is split semisimple, i.e. is isomorphic
to a direct product of copies of O; in particular, c is an O-linear combination of idempotents in
O〈c〉. Then we can write C+e =∑nm=1 αmjm with idempotents jm ∈ A (not necessarily orthog-
onal) and coefficients αm ∈O. Since A/J(A) ∼= B/J (B), every idempotent of A is conjugate to
one in B; so we may choose units um in A such that im := umjmu−1m ∈ B , for m = 1, . . . , n. Then
C+e =
n∑
m=1
αmjm ≡
n∑
m=1
αmim =: b
(
mod [A,A]),
where b ∈ B , and [A,A] is theO-sublattice of A spanned by all commutators xy−yx (x, y ∈ A).
And note that
[A,A] = μ([OQ ⊗O B,OQ ⊗O B])= μ(OQ ⊗O [B,B])=⊕
u∈Q
u[B,B].
On the other hand, we may write C+e =∑u∈Q uzu with uniquely determined elements zu ∈ ZB .
Then ∑
u∈Q
uzu − b = C+e − b ∈ [A,A] =
⊕
u∈Q
u[B,B],
and we conclude that zu ∈ [B,B] whenever 1 = u ∈ Q. Hence zu ∈ ZB ∩ [B,B] = 0 (since we
are working in characteristic 0) whenever 1 = u ∈ Q, so we obtain C+e = z1 ∈ ZB .
Next assume that O〈c〉 for c ∈ C is not split. Since c is p-regular, there is a finite extension O˜
of O such that O˜〈c〉 is split semisimple; hence, in
A˜ := O˜⊗O A =
⊕
u∈Q
u(O˜⊗O B) =
⊕
u∈Q
uB˜
where B˜ := O˜ ⊗O B , we have C+e ∈ ZB˜ (the arguments of the previous paragraph are in fact
based on the structure A =⊕u∈Q uB and independent of the two-sided indecomposability of A).
So
C+e ∈ ZA ∩ ZB˜ =
(⊕
u∈Q
uZB
)
∩ ZB˜ = ZB. 
Now we turn our attention to characteristic p. In the following, we denote the canonical maps
O→ F and OG → FG by x → x. Moreover, we denote by FGp′ the F -subspace of the group
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by the p-regular class sums of G.
Since A is a block of OG with defect group D, its image A is a block of FG with defect
group D. We are interested in the F -subspace Zp′A := A ∩ Zp′FG = (Zp′FG)e of ZA. Note
that Zp′FG = Zp′OG and Zp′A = Zp′A. We call A p′-closed if Zp′A is multiplicatively closed,
i.e. a subalgebra of ZA. Similarly, we call OG p′-closed if Zp′FG is a subalgebra of ZFG. By
H. Meyer’s result [8], group algebras of groups with abelian Sylow p-subgroups are p′-closed.
We prove the following generalization.
2.4. Theorem. Blocks with abelian defect groups are p′-closed.
Proof. First we assume that O is large enough. Let A = OGe be a minimal counterexample,
where e denotes the block idempotent of A. Let (D,bD) be a maximal A-subpair, so that D is
a defect group of A. Since D is abelian, we have D = Q × R where Q := CD(NG(D,bD)) and
R := [D,NG(D,bD)]. Assume that z1, z2 ∈ Zp′A but z1z2 /∈ Zp′A, and let
z1z2 =
∑
g∈G
zgg, zg ∈ F.
Then there is a p-singular element g ∈ G such that zg = 0. Writing g = su = us with a p-element
u ∈ G and a p-regular element s ∈ CG(u), and applying the Brauer homomorphism Br〈u〉, we
obtain
Br〈u〉(z1),Br〈u〉(z2) ∈ Zp′FCG(u)Br〈u〉(e),
but
Br〈u〉(z1)Br〈u〉(z2) /∈ Zp′FCG(u)Br〈u〉(e).
Since the defect groups of the blocks appearing in FCG(u)Br〈u〉(e¯) are still abelian, one of these
blocks is still a counterexample to the theorem. By the minimality of the counterexample A =
OGe, it must be the case that CG(u) = G. So u belongs to D and is centralized by NG(D,bD),
hence belongs to Q. We conclude that the p-factor of any g ∈ G such that zg = 0 belongs to Q.
Let bQ be the unique block ofOCG(Q) such that (Q,bQ) (D,bD). Then a result by Watan-
abe [10] implies that the map
β : ZA → ZbQ, y → BrQ(y)1bQ,
is an isomorphism of F -algebras; this isomorphism maps Zp′A onto Zp′bQ, so that bQ is also a
counterexample to the theorem. Thus it must be the case that CG(Q) = G, in other words, Q is
a central p-subgroup of G. Now, on one hand we may write
z1z2 =
∑
usu =
∑
usueu∈Q u∈Q
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unitary subalgebra B of A such that
A =
⊕
u∈Q
uB, and ZA =
⊕
u∈Q
uZB,
where B denotes the image of B in A. Then, by Corollary 2.3, we have Zp′A ⊆ ZB and therefore
Zp′A ⊆ ZB . In particular, ZB contains z1, z2 and sue for u ∈ Q. But then also z1z2 ∈ ZB . Since
ZA =⊕u∈Q uZB we conclude that sue = 0 whenever 1 = u ∈ Q. This shows that z1z2 = s1e ∈
Zp′A, and we have reached a contradiction.
If O is not large enough, then we can extend it to a large enough one O˜, and extend A to
A˜ = O˜⊗O A. It is easy to see that
ZA ∩ Zp′A˜ = Zp′A.
In A˜, decompose e as a sum of primitive central idempotents: e = e1 + · · · + en; then e1, . . . , en
are conjugate under a suitable Galois group, and A˜t = A˜et for t = 1, . . . , n are blocks with defect
group D. For z1, z2 ∈ Zp′A, by the conclusion proved above,
z1z2et ∈ Zp′A˜t , t = 1, . . . , n;
so
z1z2 =
n∑
t=1
z1z2et ∈
n⊕
t=1
Zp′A˜t = Zp′A˜;
in conclusion, we get
z1z2 ∈ ZA ∩ Zp′A˜ = Zp′A. 
3. Perfect isometries
In this section we assume that K and F are splitting fields for all the algebras we will con-
sider, and we point out a connection between Theorem 2.4 and perfect isometries, as defined by
M. Broué [1]. We start by recalling the definition of a perfect isometry and some of its conse-
quences.
Suppose that A =OGe and B =OHf are blocks of finite groups G and H , respectively; here
e and f are the corresponding block idempotents. We denote the set of irreducible characters of
G in A by Irr(A), the group of virtual characters of G in A by Z Irr(A), and the set of class
functions G → K in A by CF(A,K).
An isometry I :Z Irr(B) → Z Irr(A) (with respect to the canonical inner products) is called
perfect if the virtual character μ of G × H defined by
μ(g,h) :=
∑
β∈Irr(B)
(Iβ)(g) · β(h−1) (g ∈ G, h ∈ H),
satisfies the following two conditions, for g ∈ G and h ∈ H :
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(Sep) If μ(g,h) = 0 then g and h are either both p-regular or both p-singular.
Since I is an isometry, each β ∈ Irr(B) defines a sign β ∈ {1,−1} and an irreducible character
αβ ∈ Irr(A) such that Iβ = βαβ . The map β → αβ is a defect-preserving bijection between
Irr(B) and Irr(A), and I extends to a K-linear bijection, also denoted by I , between CF(B,K)
and CF(A,K). Note that
(Iψ)(g) = |H |−1
∑
h∈H
μ(g,h)ψ(h)
(
ψ ∈ CF(B,K), g ∈ G).
Recall that the group algebra KG is a symmetric K-algebra with respect to the canonical bilinear
form (· | ·) mapping a pair of elements x, y ∈ KG to the coefficient z1 ∈ K in the product xy =
z =∑g∈G zgg. The restriction of (· | ·) turns KA := K⊗OA into a symmetric K-algebra. Hence
the vector spaces ZKA and CF(A,K) are isomorphic via the map associating to each class
function φ ∈ CF(A,K) the element φ◦ ∈ ZKA satisfying (φ◦|a) = φ(a) for a ∈ KA. Explicitly,
we have
φ◦ =
∑
g∈G
φ
(
g−1
)
g.
In a similar way, ZKB and CF(B,K) are in canonical K-linear bijection. Thus the K-linear
bijection I : CF(B,K) → CF(A,K) yields a K-linear bijection I ◦ : ZKB → ZKA such that
I ◦ψ◦ = (Iψ)◦ for ψ ∈ CF(B,K).
For β ∈ Irr(B), let fβ = (β(1)/|H |)∑h∈H β(h−1)h = (β(1)/|H |)β◦ denote the primitive
idempotent in ZKB corresponding to β . Similarly, for α ∈ Irr(A), let
eα =
(
α(1)/|G|)∑
g∈G
α
(
g−1
)
g = (α(1)/|G|)α◦
denote the primitive idempotent of ZKA corresponding to α. Then
I ◦fβ =
(
β(1)/|H |)I ◦β◦ = (β(1)/|H |)βα◦β = β(β(1)/|H |)(|G|/αβ(1))eαβ
for β ∈ Irr(B). Since f =∑β∈Irr(B) fβ we conclude
I ◦f =
∑
β∈Irr(B)
β
(
β(1)/|H |)(|G|/αβ(1))eαβ .
In general, I ◦ is K-linear but not necessarily a homomorphism of K-algebras. It is easy to see
that
I ◦z =
∑
g∈G
[
|H |−1
∑
h∈H
μ
(
g−1, h
)
zh−1
]
g for z =
∑
h∈H
zhh ∈ ZKB.
Thus the condition (Int) implies that I ◦ restricts to an O-linear map ZB → ZA which we will
also denote by I ◦.
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Proof. Let z =∑h∈H zhh ∈ Zp′B . Then zh = 0 whenever h /∈ Hp′ , and I ◦z =∑g∈G ygg with
yg = |H |−1∑h∈H μ(g−1, h)zh−1 for g ∈ G. If yg = 0 then 0 = μ(g−1, h)zh−1 for some h ∈ H ,
so h ∈ Hp′ since zh−1 = 0. But now (Sep) implies that g ∈ Gp′ , and we have proved that
I ◦(Zp′B) ⊆ Zp′A. Thus the lemma follows by symmetry. 
The O-linear bijection I ◦ : ZB → ZA induces an F -linear bijection I ◦ : ZB → ZA such that
I
◦
(Zp′B) = Zp′A. In general, I ◦ is not a homomorphism of F -algebras, as easy examples
show. On the other hand, the perfect isometry I between A and B induces an isomorphism
of K-algebras
ι : ZKB → ZKA
in such a way that ι(fβ) = eαβ for β ∈ Irr(B). The maps ι and I ◦ are related by the formula
(see [1])
ι(z) = I ◦(zR◦(e)) for z ∈ ZKB;
here R = I−1 denotes the perfect isometry inverse to I . Hence ι restricts to an isomorphism
of O-algebras ZB → ZA also denoted by ι. Note that e ∈ Zp′A by a result of Osima (cf. [6]).
Thus R◦(e) ∈ Zp′B by Lemma 3.1. We denote by ι : ZB → ZA the isomorphism of F -algebras
induced by ι : ZB → ZA. Then ι(z) = I ◦(zR◦(e)) for z ∈ ZB .
3.2. Proposition. Let I be a perfect isometry between the blocks A = OGe and B = OHf ,
and suppose that B is p′-closed. Then A is also p′-closed, and the isomorphism of F -algebras
ι : ZB → ZA defined by I satisfies ι(Zp′B) = Zp′A.
Proof. Let z ∈ Zp′B . Since R◦(e) ∈ Zp′B and since B is p′-closed, we conclude that zR◦(e) ∈
Zp′B . Thus Lemma 3.1 implies that ι(z) = I ◦(zR◦(e)) ∈ Zp′A. So we have proved that
ι(Zp′B) ⊆ Zp′A. Since dim Zp′B = dim Zp′A, we obtain ι(Zp′B) = Zp′A, and the second as-
sertion is proved. Since Zp′A is the image of the subalgebra Zp′B under the isomorphism of
F -algebras ι, it is certainly a subalgebra of ZA, and the result follows. 
We obtain the following consequence.
3.3. Corollary. Let I be a perfect isometry between blocks A = OGe and B = OHf of finite
groups G and H , respectively, and suppose that the defect groups of B are abelian. Then A and
B are p′-closed, and the isomorphism of F -algebras ι : ZB → ZA defined by I maps Zp′B onto
Zp′A.
Proof. By Theorem 2.4, the block B is p′-closed. Hence the result follows from Proposi-
tion 3.2. 
The result above implies that the F -algebra Zp′A is an invariant of perfect isometries and
hence an invariant of derived equivalences, at least for blocks with abelian defect groups. (We
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Corollary 3.3, it is not true, however, in general, that ι(Zp′B) = Zp′A, as elementary examples
show.
Of course, one would expect that, in the situation of Corollary 3.3, the defect groups of A are
also abelian. (This would follow, for example, from Brauer’s height zero conjecture.) One would
perhaps even expect that A and B have isomorphic defect groups.
The result above motivates the following problem.
3.4. Question. Let ι : ZB → ZA be the isomorphism of F -algebras defined by a perfect isometry
I between blocks A =OGe and B =OHf of finite groups G and H , respectively. Is ι(Zp′B) =
Zp′A?
J. Murray [9] has proved that blocks of finite symmetric and alternating groups are p′-closed.
Thus, by Proposition 3.2, Question 3.4 has a positive answer whenever H is a symmetric or
alternating group. (We also note that M. Enguehard has proved that p-blocks of the same weight
in finite symmetric groups are always perfectly isometric [2].)
One may view Question 3.4 as a problem concerning the p-sections of 1 in G and H , respec-
tively. Thus one may ask whether similar properties hold for other p-sections as well, at least in
the presence of an isotypy (cf. [1]). However, this does not seem to be the case, as easy examples
show, not even for blocks with abelian defect groups in the situation of Broué’s abelian defect
group conjecture.
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